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We describe the quantum controllability under the influences of the quantum decoherence induced
by the quantum control itself. It is shown that, when the controller is considered as a quantum
system, it will entangle with its controlled system and then cause the quantum decoherence in the
controlled system. In competition with this induced decoherence, the controllability will be limited
by some uncertainty relation in a well-armed quantum control process. In association with the
phase uncertainty and the standard quantum limit, a general model is studied to demonstrate the
possibility of realizing a decoherence-free quantum control with a finite energy within a finite time.
It is also shown that if the operations of quantum control are to be determined by the initial state
of the controller, then due to the decoherence which results from the quantum control itself, there
exists a low bound for the quantum controllability.
PACS numbers: 03.65.Ta, 32.80.Qk, 03.67.Lx
I. INTRODUCTION
Generally people can utilize an external field to ma-
nipulate the time evolution of a quantum system from an
arbitrary initial state to reach any wanted target state.
If the external field is classical and can be artificially
controlled to be time-dependent, then we refer this kind
of manipulation as a classical control [1]. In quantum
computations [2], the quantum logic gate operations can
be regarded as classical controls in most cases where the
controller is essentially classical and the control can be
turned on or off classically at certain instants.
In this paper we consider the quantum control, in
which the controller is quantized and obeys the laws of
quantum mechanics. It is shown that the back action of
the controlled system should be considered, which may
have a negative side-effect on the controllability. There
are two motivations for our investigations.
Firstly, it is exciting to explore the finiteness of hu-
man being’s abilities to control the nature, and a “down-
to-earth” starting point for this exploration in physics
should be a concrete model even though it is oversim-
plified. With some reasonable models one could demon-
strate how the fundamental laws of physics impose the
limits on the controllability in principle. These refer to
some basic issues in physics, such as the energy bound,
the basic precision of measurement (or standard quan-
tum limit (SQL)[3]). It is emphasized that the quantum
decoherence may result from the control itself when the
controller is essentially considered as a quantum subsys-
tem.
Secondly, though the physical implementation of quan-
tum computation seems to be difficult, the huge power
of quantum computation has been demonstrated by some
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quantum algorithms in principle. The limit of quantum
control can bring a physical limit to quantum computa-
tion architecture since it is based on complete quantum
blocks including the controller. Lloyd discussed how the
physical constants impose a limit on the power and the
memory in the quantum computer [4], while Ozawa and
Gea-Banacloche [5, 6] considered the conservation law
and the minimum energy requirement for quantum com-
putation respectively. Our present study can also be re-
garded as a part of the growing body of the explorations
in this direction.
In Sec. II, we start with a model with a single mode
field as a controller and a two-level system (qubit) as the
controlled system. We found that it is possible to imple-
ment some phase gate controls without inducing decoher-
ence to the controlled system. However, the single mode
example is far from practical cases, and thus we further
study the quantum control in a more general case in Sec.
III. In Sec. IV the control induced decoherence is ex-
plained as a phase uncertainty by associating it with the
SQL. In Sec. V the obtained results is highlighted as
the complementarity of the controllability and the con-
trol induced decoherence. An inequality similar to the
Heisenberg uncertainty relation is presented as the accu-
rate bound of quantum gates under the quantum control.
II. AN EXACTLY SOLUBLE MODEL FOR THE
QUANTUM CONTROL
To have a clear picture about the quantum control, let
us first start with a simple model. The total system that
we concern is closed, which consists of the controller C
with the Hamiltonian Hc and the controlled system Q
with the Hamiltonian Hq. The system is in the initial
states |ψc(0, R)〉 and |ψq(0)〉 =
∑
n cn|n〉 respectively,
where R represents the controlling parameters. For a
given target state |ψt〉 of Q, the quantum control is de-
2scribed as a factorized evolution
|ψq(0)〉 ⊗ |ψc(0, R)〉 → |ψq(T )〉 ⊗ |ψc(T )〉 (1)
of the total system driven by the interaction Hamilto-
nian Hqc within the time duration (0, T ). If one could
choose an appropriate initial state and the correspond-
ing parameters R such that the partial wave function
|ψq(T )〉 ≡ Uq(T )|ψq(0)〉 is just the target one |ψt〉, where
a global phase difference is allowed, then we could say
that an ideal quantum control is realized. Usually Uq(T )
defines a quantum logic operation in quantum computa-
tion.
We now consider an exactly soluble example, where the
controlled system is a qubit with two basis states |0〉 and
|1〉 and the controller is a single mode boson field with
free Hamiltonian Hc = ~ωa
†a, here a† (a) is the creation
(annihilation) operator. The interaction
Hqc = |1〉〈1| ⊗ V ≡ 1〉〈1| ⊗ (ga+ g∗a†) (2)
between them is of non-demolition[3], i.e., [Hqc, Hc] 6= 0
and [Hqc, Hq] = 0. Since Hq is conserved during the
evolution we take Hq = 0 without loss of the generality.
In the interaction picture the time-dependent potential
VI(t) = gae
−iωt + h.c (3)
acts only on the state |1〉, but not on |0〉. This Hamil-
tonian originates from the atom-field system in the large
detuning limit, but the problem is greatly simplified for
convenience [7].
Now we explore the possibility of automatically creat-
ing a phase gate operation
|ψq(0)〉 = c0|0〉+ c1|1〉 → |ψq(t)〉 = c0|0〉+ c1eiφ|1〉 (4)
driven by Hqc. Essentially, the phase gate operation is
supposed to generate a relative phase φ between |0〉 and
|1〉 and the total system experiences a factorized evolu-
tion
(c0|0〉+c1|1〉)⊗|ψc(0)〉 → (c0|0〉+c1eiφ|1〉)⊗|ψc(T )〉. (5)
We will show that, only a class of phase gates with special
phases depending on the global parameters, such as the
coupling coefficients g and the gate operation time T , can
be implemented precisely, while the other phase gates
definitely result in a decoherence in the qubit system,
and can only be implemented in an inaccurate way.
Obviously the Hamiltonian H = Hqc +Hc describes a
typical conditional dynamics [8]. Let the total system be
initially in a superposition of
|Ψ(0)〉 = (c0|0〉+ c1|1〉)⊗ |α〉, (6)
where the boson field is in a coherent state |α〉. The total
system will evolve into an entangled state
|Ψ(t)〉 = c0|0〉 ⊗ |α〉 + c1|1〉 ⊗ ei
→
Φ |α〉, (7)
where
ei
→
Φ = Tˆ exp(−i
∫ t
0
VI(t
′)dt′) (8)
is a time ordered integral. A formal phase operator can
be explicitly calculated as
→
Φ(t) = η(t)a+ h.c+ ϕ(t) + iξ(t), (9)
where time-dependent coefficients
η(t) = i
g
ω
(1− e−iωt),
ϕ(t) =
|g|2
ω2
(ωt− sinωt), (10)
ξ(t) =
|g|2
ω2
(1 − cosωt),
are obtained through the Wei-Norman algebraic tech-
nique [9]. Then we can write down the total wave func-
tion as an entangled state
|Ψ(t)〉 = c0|0〉 ⊗ |α〉+ eiϕ(t)−ξ(t)c1|1〉 ⊗ |α+ η(t)〉. (11)
Obviously, at the special instants
t = T = 2kπ/ω, (12)
where k ∈ Z, both the decay factor ξ(t) and the displace-
ment η(t) in the coherent state |α+ η(t)〉 vanish. And a
real phase
ϕ(T ) = φs =
|g|2
ω
T. (13)
occurs in the above entanglement state. Thus we realize
a phase gate operation Eq.(4) of certain phase φs, which
is induced by the factorized evolution
|Ψ(0)〉 → |Ψ(T )〉 = (c0|0〉+ c1eiφs |1〉)⊗ |α〉. (14)
It defines a reduced density matrix of a pure state
ρq = |c0|2|0〉〈0|+ |c1|2|1〉〈1|+ c1c∗0eiφs |1〉〈0|+ h.c (15)
for the qubit system.
If the evolution time is not just at the instant t = T ,
the reduced density matrix
ρr = |c0|2|0〉〈0|+ |c1|2|1〉〈1|+ c1c∗0D(t)|1〉〈0|+ h.c (16)
is not of a pure state duo to the decoherence factor
D(t) = 〈α|W (t)|α〉 = eiφ(t)−ξ(t) (17)
where
φ(t) = 2Im[
(1− e−iωt)gα
ω
] +
(ωt− sinωt)|g|2
ω2
, (18)
and
ξ(t) =
|g|2
ω2
(1 − cosωt).
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FIG. 1: The control fidelity F (t) defined as the overlap of ρq
and ρr, which varies with t. The above inset is the zoom of
the curve, which indicates the collapses and revivals of the
controlled system.
The difference between ρq and ρr can be characterized
by the control fidelity F (t) = Tr(ρqρr), which is defined
as the overlap of the target state ρq and the final state
ρr. By a straightforward calculation, we have
F (t) = 1− 2|c0|2|c1|2[1−Re(D(t)eiφs)]
= 1− 2|c0|2|c1|2[1− e−ξ(t) cos(φ(t)− φs)].
In Fig.1 we plot the curve F (t), where g = 0.1, ω = 1 and
α = 1.5. For convenience, we have take |c0|2 = |c1|2 =
1/2 and then
F (t) = 1− 1
2
[1− e−ξ(t) cos(φ(t) − φs)]. (19)
It can be seen that F (t) is a periodic function with unity
as the maximum value. As a functional, the period T =
f [F ] is a function of the function F (t). f [F ] is determined
by the system parameters g and ω. When t = f [F (t)],
the control fidelity takes its maximum F (t) = 1 and then
we realized an ideal phase gate operation with the phase
φs = |g|2T/ω.
In order to realize a real control we require that
the effective interaction 〈VI(t)〉 could be automatically
switched on and off at time 0 and T , i.e., the controllable
condition (CABC)
〈VI(0)〉 = 〈VI(T )〉 = 0, (20)
is satisfied for 〈VI(t)〉 = 〈ψc(t)|VI(t)|ψc(t)〉. For the
above example, this requirement means
Re(gα) = 0, (21)
Im[gα] sinωT = −ωξ(T ), (22)
for sinωT 6= 0. When there is no loss of qubit coherence
at the instance t = T (ξ(T ) = 0), the requirement Eq.(21)
and Eq.(22) for an ideal quantum control is just gα = 0.
It is absurd and impracticable. However, there exist the
situations (sinωT = 0) satisfying the requirement for
quantum control: Re[gα] = 0 and ωT = 2kπ, k ∈ Z,
which is reasonable in principle since a pure imaginary
number gα = i|gα| does not vanish even though it have
a vanishing real part. Therefore some target states are
obtained as the superpositions state of |0〉 and |1〉 with
specific relative phases that can be implemented perfectly
by the quantum control.
However, the above phase gate control could only gen-
erate particular phases φs on the qubit state |1〉, which
is completely determined by the coupling factor g and
the controller field frequency ω. In this sense we can
not achieve a quantum control of implementing universal
phase gates for a given total system with fixed g and the
controller field frequency ω. To overcome this problem
the local parameters of the initial states of the controller
should be used in the quantum control rather than the
fixed global parameters of the total system. We will ex-
plore this possibility in Sec. V where the quantum de-
coherence will be considered based on the uncertainty
relation that relates to a multi-mode coherent field.
III. QUANTUM CONTROL BY GENERAL
CONTROLLER
Staring with an idealized model, the above investiga-
tions provide us some insights into the quantum control
problem. In order to consider the more practical cases,
we will analyze the quantum controllability in this sec-
tion. To focus on the central idea we do not consider the
influence of the environment yet. The entire system that
we consider is an isolated system including the controller
C with the Hamiltonian Hc and the controlled system Q
with the Hamiltonian Hq . To bring out more clearly the
physical picture of such a quantum control, the minimal
assumption is that the Hamiltonian includes only two
items: Hqc and Hc. Matching this assumption, there
exists a practical case that the non-demolition control
satisfies [Hq, Hqc] = 0 and then the free evolution of the
controlled system is eliminated.
Conveniently we work in the interaction picture with
the Schro¨dinger equation
i~
d
dt
|ΨI(t)〉 = HIqc(t)|ΨI(t)〉. (23)
Formally, the quantum control requires that the interac-
tion Hamiltonian
HIqc(t) = e
iHct/~Hqce
−iHct/~ (24)
can be automatically turned on and off at certain in-
stants t = 0 and t = T during the evolution of the con-
troller system. Under the quantum control a quantum
4gate operation is accomplished by the controlled system.
Besides, it is also required that the controlling parame-
ters depend on the initial state of the controller system.
By applying them to quantum computing, the quantum
computer implements the operations programmed by the
controller.
Without loss of the generality, we still take the con-
trolled system as a qubit with two basis states |0〉 and
|1〉. An ideal quantum control with Uq(T ) exerting on
the qubit can be described as a factorized evolution
UI(T ) = e
− i
~
(Hqc+Hc)T = Uq(T )⊗ Uc(T ) (25)
of the total system. So that a controlled evolution of the
qubit system is implemented as |ψq(T )〉 = Uq(T )|ψq(0)〉,
while |ψc(T )〉 = Uc(T )|ψc(0)〉 defines the final state of the
controller. Here, |ψq(0)〉 = c0|0〉 + c1|1〉 and |ψc(0)〉 are
the initial states of the qubit and the controller respec-
tively. We note that, because the Hermitian operators
Hqc and Hc do not commute with each other, thus there
is not simply exp(−iHqcT ) = Uq(T ) in practice. We
emphasize that, due to the limitation resulting from the
Heisenberg uncertainty principle, the realistic control can
not be carried out in such a perfect way as a completely
factorized evolution.
Generally, the Hermitian operators Hqc and Hc do not
commute with each other and there exists an uncertainty
relation:
∆HIqc∆Hc ≥
1
2
|〈[HIqc, Hc]〉|, (26)
where the variations ∆A =
√
〈A2 − 〈A〉2〉, A = Hqc and
Hc. In a consistent approach for quantum measurement
[12], this uncertainty relation is also responsible for the
decoherences induced by the detector as well as those in-
duced by the quantum control. Roughly speaking, the
variation ∆HIqc(t) is relavent to the induced decoherence
in the qubit system, while the term |〈[HIqc(t), Hc]〉| in-
dicates the influence of quantum control, and ∆Hc is
associated with the power or the average energy of the
controller. The conservation laws throw some limits on
such implementation of quantum gates [5]. For exam-
ple, a quantum control to complete a CNOT gate usually
concerns the transfer of some conservation quantities be-
tween qubits. To focus on the problems in the following,
we will only consider the quantum control itself, which
does not involve the transfer of any known conservation
quantities.
Now we assume a non-demolition controlling interac-
tion Hqc = |1〉〈1|⊗V with a potential V that acts only on
the qubit state |1〉. It does not play any role at the begin-
ning and the end of the gate operation, but we require
that it is generated by the controller, and a nontrivial
phase is left on the qubit state |1〉. Actually, as for the
quantum controls in quantum information processing, it
is expected that a quantum computer could work like
electronic computers: when the programs are designed
then stored in it initially, the quantum computer should
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FIG. 2: (color online) Schematic illustration of the non-
demolition interaction for the phase quantum control: the ef-
fective potential V only act on the component |1〉, but not on
the component |0〉 in the superposition. Besides the wanted
phase to be generated, such interaction also induced a fluc-
tuation of phase reflected by the factor |D| ≈ exp(− 1
2
(△Φ)2)
with module less than 1.
be able to carry out computations without any other as-
sistants. The basic requirement for the quantum control
is that the interaction can be switched on and off auto-
matically at certain instants, e.g., at t = 0 and t = T ,
〈VI(0)〉 = 〈ψc(0)|VI(0)|ψc(0)〉 = 0,
〈VI(T )〉 = 〈ψc(T )|VI(T )|ψc(T )〉 = 0, (27)
where VI(t) ≡ exp(iHct/~)V (−iHct/~). The above
Eq.(27)is the general controllable condition. The sand-
wich 〈V 〉 is defined as the average of the operator V over
the controller state. This means that the effective inter-
action is obtained by taking the average of VI(t) over the
instantaneous controller states |ψc(t)〉.
Generally, the controller in physical implementations
of the quantum control are various fields that are sup-
posed to be classical. For example, the microwave elec-
tromagnetic fields are used to manipulate the nuclear
spin-qubits in NMR, the laser fields are applied to con-
trol the atomic qubits and the classical magnetic flux
and voltage are utilized to adjust the Josephson-Junction
based qubits. However, the controlling fields are essen-
tially of quantization and are usually described by coher-
ent states or some quantum mechanical mixture.
Starting from the initial state where the qubit is in
|ψq〉 = c0|0〉 + c1|1〉, the total system evolves according
to the entangled state
|Ψ(t) = c0|0〉 ⊗ |ψc(0)〉+ c1|1〉 ⊗ eiΦ(t)|ψc(0)〉, (28)
where we have defined the time-order integral
eiΦ = Tˆ exp(− i
~
∫ t
0
VI(τ)dτ). (29)
The decoherence factor [13] is an expectation of the uni-
tary operator
D(T ) = 〈ψc(0)|eiΦ|ψc(0)〉, (30)
which can be used to characterize the quantum control-
lability.
Now we need to consider that in what cases the
above entangled state |Ψ(t)〉 can become a factorized
5state Eq.(5) at ceratain instant t = T so that the ideal
quantum control is realized by choosing the initial state
|ψc(0)〉 of the controlling system. A simplest illustration
is that VI(t) = V is a static potential and thus
eiΦ = exp(−iTV/~). (31)
If we choose |ψc(0)〉 = |φ〉 with the eigenvalue φ, then
exp(iΦ) becomes a c − number phase factor ϕ, and the
time evolution automatically generate a phase gate op-
eration with the c− number phase:
|Ψ(T ) = (c0|0〉+ c1eiϕ|1〉)⊗ |ψc(0)〉. (32)
Indeed, the phase φ multiplied to the qubit state |1〉 is
well defined and can be generated with arbitrary preci-
sion at a suitable instant T by choosing the initial state
|ψc(0)〉 = |φ〉 of the controller. This is what we want:
the qubit system is controlled by the parameters of the
initial state as well as the evolution time. It seems that
no fundamental restrictions exists for |ψc(0)〉 and T .
However, the above idealized situation is far from the
realistic cases in practical quantum controls. Firstly, the
precision of the quantum control is guaranteed by the
stability of potential, i.e., [V,Hc] = 0 = [Hqc, Hc]. How-
ever, this means that the free Hamiltonian evolution of
controller has no influence on the effective interaction
by Hqc and thus the CABC can not be satisfied auto-
matically. Therefore, we infer that, in order to realize
a quantum control with the “switched on and off”, the
potential VI(t) could not be a static one. In this case the
c− number phase is not well defined by the initial state
of the controller and thus there exists a phase fluctuation
∆Φ in the implementation of the quantum control.
To explore the possibility of assorting with the CABC
and the precision of the quantum control, we distinguish
two cases by whether the potential VI(t) generated by the
controller is commutative or not at different instants, i.e.,
Case.1 : [VI(t), VI(t
′)] = 0, (33)
Case.2 : [VI(t), VI(t
′)] 6= 0. (34)
In the first case a phase factor operator can be simply
defined as
Φ = − 1
~
∫ T
0
VI(τ)dτ. (35)
Under the small variation ∆Φ≪ 1, the decoherence fac-
tor can be calculated as
D(T ) ≈ ei〈Φ〉− 12 (∆Φ)2 ≡ ei〈Φ〉d(T ). (36)
Similar to the arguments about the exactly solvable
model in Sec.II, an observation is that the ideal quan-
tum control can be characterized by whether or not the
decoherence factor |D(T )| = |〈exp(iΦ)〉| can reach unity.
Actually the phase multiplied to the qubit state |1〉 is
the real part of the expectation value of the phase fac-
tor operator 〈Φ〉 plus a decay factor from its quantum
fluctuation (∆Φ)
2
[11].Thus the quantum controllability
is destroyed by the phase fluctuation (∆Φ)
2
in general.
In the following, we will show that the phase fluctua-
tion (∆Φ)
2
will result in a loss of quantum coherence or
quantum dephasing. To this end we calculate
(∆Φ)2 ∼ 1
~2
∫ T
0
dt
∫ t
0
∆VI(t)∆VI (τ)dτ, (37)
which shows that phase fluctuation (∆Φ)
2
is just the
correlated fluctuation of Heisenberg interaction. Thus
d(T ) = exp[−(∆Φ)2/2] is a decaying factor in D(T ) ac-
companying the off-diagonal terms of the reduced density
matrix of the qubit system. To quantitatively describe
that to what extent the target sate
|ψt〉 = c0|0〉+ c1ei〈Φ〉|1〉
can be reached by the controlled time evolution |Ψ(t)〉,
the control fidelity
F (t) = Tr[|Ψ(t)〉〈Ψ(t)|(1 ⊗ |ψt〉〈ψt|)]
= Trc(〈ψt|Ψ(t)〉〈Ψ(t)|ψt〉) = Tr(ρtρr) (38)
is defined in terms of the reduced density matrix ρt and
the reduced density matrix ρr = Trc[|Ψ(t)〉〈Ψ(t)|], where
Trc indicates tracing over the variables of the controller.
In this case the result is obtained as
F (t) = 1− 2|c0|2|c1|2(1− e− 12 (∆Φ)
2
).
Thus the corresponding error measure
ε = 1− F (t) = 2|c0|2|c1|2[1− d(t)] (39)
describes the failure probability of the quantum control.
For the second case, due to the non-vanishing com-
mutator between VI(t) at different instants we can not
generally define a phase factor operator Φ, but we can
still formally write D(T ) = 〈exp(iΦ)〉 or
D(T ) = eiΦ−ξ ≃ exp(i〈Φ〉 − 1
2
(∆Φ)2). (40)
This can give all similar results as the case 1. The exactly
solvable model in Sec. II belongs to the second case. This
result is exact for the above example presented in the last
section where
1
2
(∆Φ)2 = ξ(t), 〈Φ〉 = φ(t). (41)
As discussed in the above, the decoherence induced
limit to the quantum control has been explained based
on the phase uncertainty. In fact, this understanding
reveals once again the inherence of the quantum deco-
herence in the generalized two-slit experiment about |0〉
and |1〉, whose interference fringe vanishes when one de-
termines which slit the particle comes from. According
to Heisenberg, this is due to the randomness of relative
phases [10] from the quantum control. Furthermore, we
can conclude from the above exact solution that the large
random phase change just originates from Heisenberg’s
position-momentum uncertainty relation ∆xk∆pk = 1/2.
This observation will help us to discover a bound on the
quantum control.
6IV. PHASE UNCERTAINTY DUE TO
STANDARD QUANTUM LIMIT
Based on our previous explorations on the relation
between the two explanations for quantum decoherence
[12], using the position-momentum uncertainty relation,
we now can associate the physical limit of quantum con-
trol with the standard quantum limit (SQL) in quantum
measurement context [3] through a concrete example as
follows.
This is a more practical example that the qubit is con-
trolled by a multi-mode electromagnetic field
E =
∑
k
(uk(x)ake
−iωkt + h.c) (42)
with the mode functions uk(x). The controlling Hamil-
tonian Hqc(t) = |1〉〈1| ⊗ VI(t) in the interaction picture
reads as
Hqc(t) = |1〉〈1| ⊗
∑
k
Hk
≡ |1〉〈1| ⊗
∑
k
~(gkake
−iωkt + h.c), (43)
where ωk are the mode frequencies, ak and a
†
k the cre-
ation and annihilation operators respectively, and gk the
mode couplings constants between the qubit and the field
modes. We suppose that the electromagnetic field is ini-
tially prepared in a multi-mode coherent state
|ψc(0)〉 = |α〉 ≡
∏
k
|αk〉 (44)
as a direct product of the coherent state |αk〉 of kth mode.
In such a initial state, the observable is the the average
of the field operator
〈α|E|α〉 =
∑
k
[uk(x)αke
−iωkt + h.c], (45)
which is a wave packet, the superposition of many plane
waves. This means that, to realize a more realistic quan-
tum control, we need a wave packet rather than a single
mode or a plane wave.
The free Hamiltonian of the qubit system has been
omitted without loss of generality. The potential VI(t)
exerts on the qubit state |1〉, but not on the qubit state
|0〉. Then the evolution can be obtained as
U(t) = |0〉〈0| ⊗ 1+|1〉〈1| ⊗ eiΦ,
where
eiΦ =
∏
k
eiΦk =
∏
k
Uk ≡
∏
k
Tˆ exp(− i
~
∫ t
0
Hk(τ)dτ).
(46)
We can explicitly calculate the phase operator Φ =∑
k Φk defined above by the method similarly to that
used for the example about the single mode field in Sec.
II. It is obtained by
Φk = ηk(t)ak + h.c+ ϕk(t) + iξk(t),
with three time-dependent parameters
ηk(t) = i
gk
ωk
(1− e−iωkt),
ϕk(t) =
|gk|2
ω2k
(ωkt− sinωkt), (47)
ξk(t) =
|gk|2
ω2k
(1− cosωkt).
The phase operator can be re-written as Φ = Ω(t) +Φa
in terms of the constant phase Ω(t) =
∑
k ϕk(t) plus the
operator
Φa =
∑
k
Φak(t) =
∑
k
(ηk(t)ak + h.c). (48)
The decoherence factor can be calculated similarly as
D(t) = 〈α|eiΦ|α〉 = eiφ(t)−ξ(t), (49)
where ξ(t) =
∑
k ξk(t) and
φ(t) = 2
∑
k
{Im[gkαk
ωk
(1− e−iωkt)]
+
∑
k
|gk|2
ω2k
(ωkt− sinωkt). (50)
It is easy to check that the phase generated by the quan-
tum control is just the average value of the phase operator
〈α|Φ|α〉 = 〈α|Φa|α〉+Ω(t)
=
∑
k
(ηk(t)αk + h.c) +
∑
k
ϕ(t). (51)
The analytical expression of the phase fluctuation is
(∆Φ)2 = (∆Φa)
2 =
N∑
k=1
(∆Φak)
2 (52)
=
N∑
k=1
|ηk|2 = 2
N∑
k=1
ξk(t) = 2ξ(t),
where we have considered each uncertain phase change
as an independent stochastic variable. Namely, the re-
lation ξ(t) = (∆Φ)2/2 or the exact expression D(T ) =
exp(i〈Φ〉 − (∆Φ)2/2) still holds for the multi-mode case
with the specialized initial state. Correspondingly, the
error measure is estimated as
ε = 1− F (t) = λ(∆Φa)2 = 2λξ(t), (53)
where λ = |c0|2|c1|2. Different from the single mode
case, it is hard to find a proper instant T such that
7ε = ξ(T ) = 0 in general. Namely, it is hard to achieve an
ideal quantum control without any error.
In the above discussions, the realization of quantum
control boils down to the appearance of the c-number
phase φ(t) that contains the controllable part depending
on the initial state of the controller. An ideal quantum
control means the vanishing error λ(∆Φa)
2. But it is al-
most impossible because of the intrinsic decoherence due
to quantum control itself. In fact, if the electromagnetic
field could carry out a completely efficient control on
the controlled system, then the interaction Hamiltonian
should not commute with that of the controller. These
facts are responsible for the inaccuracy of the phase gate
or decoherence in the controlled system under the quan-
tum control. We have to point out that the conclusion
drawn above seems to depend on the choice of the ini-
tial state, but now we can argue that this is not the case
with the above consideration. So we need to consider the
universality of the conclusions.
Physically, every variable of the controller can inde-
pendently exert a different impact on the different com-
ponents of controller state. Since every uncertain phase
is an independent stochastic variable, we have
(∆Φa)
2 =
N∑
k=1
(∆Φak)
2 ≥ N min{(∆Φak)2|k = 1, 2..N}
for a general initial state of the controller. We note that
the phase uncertainty (∆Φa)
2 caused by the controller
variables can be amplified to a number much larger than
unity when N →∞, i.e., the system states acquire a very
large random phase factor. The decay factor
|D(t)| = e− 12 (∆Φ)2 ≤ exp(−N
2
min{(∆Φak)2|).
So |D(t)| → 0 when N → ∞, i.e., the macroscopic con-
troller can wash out the quantum coherence of the con-
trolled system.
To be more concrete we assume that, in the initial
state |0〉 = ⊗Nk=1|ψk〉 of the controller, each component
|ψk〉 is a wave packet, symmetric with respect to both the
“canonical coordinate” xk = (ak+a
†
k)/
√
2 and the corre-
sponding “canonical momentum” pk = −i(ak − a†k)/
√
2.
So 〈xk〉 ≡ 〈ψk|xk|ψk〉 = 0 and 〈pk〉 = 0. We do not
need the concrete form of the initial state. For con-
vience we assume it to be of Gaussian type with the vari-
ance σk = ∆xk in xk − space. Physically, once ∆xk is
given, the variance of pk cannot be arbitrary since there
is a Heisenberg’s position-momentum uncertainty rela-
tion ∆xk∆pk ≥ 1/2. In the following we will show that
the uncertainty relation will give a low bound to the vari-
ance of ∆Φa. In the above reasoning about |D(t)| → 0
when N → ∞, we have considered that there exists a
finite minimum value of (∆Φak)
2. In the quantum mea-
surement theory, the finite minimum value of (∆Φak)
2 is
implied by the so called standard quantum limit (SQL)
on the continuous measurement of phase operator.
To see this we rewrite the phase operator
Φa =
∑
k
Φak =
∑
k
[κk(t)xk + µk(t)pk], (54)
in terms of the “canonical coordinate” and the corre-
sponding “canonical momentum”, and the coefficients are
κk(t) =
1√
2
(ηk(t) + η
∗
k(t)),
µk(t) =
i√
2
(ηk(t)− η∗k(t)).
The existence of SQL is guaranteed by the Heisenberg’s
position-momentum uncertainty relation. Because each
Φak = κk(t)xk + µk(t)pk is a linear combination of xk
and pk with a property 〈xkpk〉 + 〈pkxk〉 = 0 for the av-
erage over the real initial state. The phase fluctuation
∆Φak can be derived as
∆Φak =
√
|κk(t)|2(∆xk)2 + |µk(t)|2(∆pk)2
≥
√
|κk(t)µk(t)|,
or
(∆Φak)
2 ≥ 8 g
2
k
ω2k
| sin3 ωkt
2
cos
ωkt
2
|. (55)
Here, we considere the variance ∆(ξx) = |ξ|(∆x) for a
stochastic variable x and a real number ξ, and suppose
gk/ωk being a real number.
In the above arguments, xk and pk are not only re-
garded as a pair of uncorrelated stochastic variables in
the terminology of classical stochastic process, the un-
certainty relation ∆xk∆pk ∼ 1/2 of them is also taken
into account. This constraint just reflects the uncertainty
of phase change in the quantum control process. There-
fore, we have a time dependent minimum value of phase
uncertainty with a low bound
(∆Φa)
2 ≥ N min{|κk(t)µk(t)||k = 1, 2..N}.
This result qualitatively illustrates the many-particle am-
plification effect of uncertain phase change due to quan-
tum control itself. The large random phase variance
(∆Φa)
2 implies that it is hard to satisfy the exact con-
dition (∆Φa)
2 = 0 in principle, and thus one can only
optimize both the system parameters and the initial state
of the controller to approach what we want.
To see the above observation analytically, we calculate
〈Φ〉 in comparison with ∆Φ in the decoherence factor
D(T ) = exp(i〈Φ〉 − (∆Φ)2/2). The most simple, but
somewhat trivial case is that all modes are degenerate,
i.e., gk = g and ωk = ω, then
∆Φ =
√
8N
|g|
ω
| sin ωt
2
|, (56)
while the phase we wanted is
φ(t) = 2N{Im[gα
ω
(1− e−iωt)]
+2N
|g|2
ω2
(ωt− sinωt). (57)
8Obviously, for very large N , the phase fluctuation ∆Φ
can be neglected since ∆Φ/|φ(t)| ∼ 1/√N → 0. In gen-
eral, we need to consider divergence of the phase fluctu-
ation
(∆Φ)2 =
N∑
k=1
16
g2k
ω2k
sin2
ωkt
2
=
∫ ∞
−∞
16
g2k
ω2k
ρ(ωk) sin
2 ωkt
2
dωk (58)
for various spectrum distributions of the controller, where
an unspecific spectrum distribution ρ(ωk) is used to dis-
cuss the case with continuous spectrum. For example,
when ρ(ωk) = γ/g
2
k, the decoherence factor is exponen-
tially decaying since the above integral converges to a
number 8πγt/9 proportional to time t. Another exam-
ple is the Ohmic distribution ρ(ωk) = 2ηω
2
k/(πg
2
k), which
results in a diverging phase fluctuation for t 6= 0.
V. LOW BOUND OF THE CONTROL
INDUCED DECOHERENCE AND QUANTUM
COMPUTATION
In this section we will show that, it is the back-
action of the controller on the controlled system, im-
plied by Heisenberg’s position-momentum uncertainty re-
lation, that disturb the phases of states of the controlled
system and then induce a quantum decoherence, which
is relevant to the SQL. In order to quantitatively charac-
terized such limit to the quantum controllability, we now
return to the discussion about the quantum control with
multi-mode field initially prepared in a coherent state.
The commutation relation of the number operator N
and the phase operator Φa defines an operator
Θ = i
∑
k
(−ηk(t)ak + η∗k(t)a†k) (59)
dual to the phase operator Φa,that is
Θ = i[N,Φa]. (60)
To see the meaning of the defined Θ, we calculate the
commutation relation ofN and Φa to find a close algebra
by
[N, Θ] = iΦa,
[Φa,Θ] = iF (t) (61)
where F (t) = 2
∑
k |ηk(t)|2 is a time dependent constant.
This means that P = Θ/F (t) is a conjugate variable
with respect to Φa since we have the canonical commu-
tation relation [Φa,P] = 1. In this sense we callΘ a dual
phase operator (DPO). A constant uncertainty relation
can be found for Φa and P , which can be minimized by
the corresponding coherent state |α〉 = ∏k |αk〉.
The above arguments about minimization of the uncer-
tainty by [Φa,Θ] can enlighten us to find a low bound for
the control induced decoherence. To this end we consider
the uncertainty relation
〈N〉∆Φa = ∆N∆Θ ≥ 1
2
|〈[Θ,N]〉| = 1
2
|〈Φa〉| (62)
about DPO and the photon number operator N =∑
k a
†
kak.
To derive the above uncertainty relation (62), we have
considered
∆N = 〈N〉,
(∆Φa)
2 = (∆Θ)2 (63)
for the average 〈 〉 over the coherent state |α〉. We check
the above results (63) by the straightforward calculations
(∆Φa)
2 = 〈α|Φ2a − 〈Φa〉2|α〉 =
∑
k
|ηk(t)|2,
(∆Θ)2 = 〈α|Θ2 − 〈Θ〉2|α〉 =
∑
k
|ηk(t)|2.
The novel uncertainty relation (62) defines a low bound
for the phase variation ∆Φa for a given phase 〈Φa〉 to be
achieved by the quantum control, i.e.
∆Φa ≥ |〈Φa〉|
2〈N〉 . (64)
Eq.(64) clearly implies that we need much larger energy
to reduce the low bound of the phase fluctuation. Actu-
ally, we can formally write down the expectation of the
photon energy of the controller
E = 〈~
∑
k
ωka
†
kak〉 ≡ ~〈N〉〈ω〉 (65)
in terms of the average photon number 〈N〉 = ∑k |αk|2
and the average frequency of photons
〈ω〉=
∑
k ωk|αk|2∑
k |αk|2
. (66)
Then Eq.(64) becomes
∆Φa ≥ ~〈ω〉
2E
|〈Φa〉|. (67)
The small low bound requires that a large quantum con-
troller (implied by large 〈N〉 or large energy E) possesses
a very small average frequency. In this sense Eq.(62)
defines a necessary condition for the quantum control
that can manipulate the qubit system reaching the target
state accurately. This requirement is very similar to that
the apparatus should be sufficiently so “large” that to be
”classical” in the quantum measurement in the so-called
“Copenhagen interpretation”. Since the quantum con-
trol relies on the ability to preserve quantum coherence
of the qubit system during controlling it, the controller
should be much “larger” than the controlled system. In
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FIG. 3: The minimum amount of time needed for some al-
gorithms, in logarithmic scale. n is the number of qubits
consisted in the quantum algorithm. The horizontal line at
about 1016 indicates the age of universe.
this sense, the bac-action of the qubit system on the con-
troller can be neglected.
Next we consider the controllable condition (27) that
the controller field is switched on and off over a time
duration T , which can be roughly realized as a periodical
phenomenon with the average period T ∼ 2π/〈ω〉. Since
the average frequency of the field can be approximated
by 〈ω〉 ∼ 2π/T , there is a low bound
ε ≥ λh
2
4E2T 2
|〈Φa〉|2 ≡ λh
2
4S2
|〈Φa〉|2 (68)
for the error measure estimation of ε ∼ λ(∆Φa)2 of the
quantum control. So the larger action S = ET from the
controller is brought on the qubit system, the less quan-
tum decoherence characterized by the control induced
error ε becomes; the more one wants to change by the
phase 〈Φa〉 of the qubit system, the larger quantum de-
coherence is induced by the quantum control. Therefore
Eq.(68) imposes a fundamental limit on the accuracy of
quantum control. In the following we can consider this
physical limit for quantum computing
It is well known that the controllability of qubits is a
basic requirement for universal quantum computations,
but according to the above arguments a well-armed con-
trols in quantum computing would cause the extra deco-
herence in the qubits system. Thus in competition with
the induced decoherence, the controllability for quantum
computation is limited.
In the last section a low bound of decoherence from
the quantum control is obtained. It throws an accuracy
limit to the quantum controls in quantum computation.
According to Eq.(68) this limit is about 10−20 for the
typical setting 〈Φa〉 = π, E = 10−9J and T = 1µs in
an ion trap schemes. This is such a small limit that
it is negligible in comparison with other errors, such as
the environments induced errors in the current experi-
ments of implementing quantum computation. However,
in principle, Eq.(68) do throw a fundamental limit to the
accuracy of the quantum control and thus on quantum
computations. There are some numerical estimates in
Fig.3, which demonstrate the similar limit to the power
of quantum computer. It is known that for an algorithm
consisting of L operations on the qubits system, an up
bound of error ǫ ∼ 1/L is required in each operation for
a faithful result of the entire computation. The inequal-
ity Eq.(68) tells us that the minimum amount of time
needed for a single gate is
tmin =
h
√
λL
2E
|〈Φa〉| (69)
and so the total time needed to carry out a particular al-
gorithm consisting of L elementary gates is about Ltmin.
For a general algorithm as an arbitrary unitary op-
eration on n − qubit, the amount of elementary gates
L needed is about O(n24n) [14]; for the Grover algo-
rithm on n− qubit, the amount is about O(√2n); for the
Shor large number factorization, the amount is about
O(n3log32). The time duration needed for a general al-
gorithm, the Grover algorithm and the Shor’s algorithm
are estimated with the optimistic assumptions, in which
the only restriction is from the quantum control. Thus, in
Fig.3 it could be found that the practise of quantum com-
putation heavily depends on the sophisticated quantum
algorithms and arbitrary quantum operations on about
several tens qubits is already inaccessible even in princi-
ple. This handicap on the quantum computation stands
when the quantum computation is carried out by tandem
elementary gates under the quantum control.
VI. CONCLUSION
In this paper we present a universal description for
the quantum control based on the quantized controller.
We discovered the complementarity about the competi-
tion between the controllability and the control induced
quantum decoherence in the view of quantum measure-
ment. Starting with an exactly-soluble example, a gen-
eral model of quantum control is proposed to describe
this novel complementarity or a new type of uncertainty
relation. Our investigations show that it is possible to
realize the decoherence free quantum controls only with
some special phases at the finite energy scale and in fi-
nite time. If the parameters of phase is to be determined
by the initial state of the controller, then there exists
a low bound for the systematic errors resulted from the
decoherence cause by the quantum control itself.
The above arguments also show that the decoherences
from the quantum control are different from those in-
duced by the environments through the unwanted inter-
actions. This is because the negative influence of the
controller happens in the quantum control process itself.
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If one eliminates this influence out and out, the posi-
tive role of the quantum control would perish together.
Therefore, for quantum computing, these kinds of er-
rors induced by the control itself can not be overcame
totally by the conventional error management protocols
[15]. At least, it has not been proved that the control in-
duced decoherences can also be conquered efficiently by
the well-estabilished error management protocols. The
better method to solve this problem is to optimize the
control operations when the target of control is given.
Without doubt, this is an open question to challenge for
the physical implementation of quantum computing as
well as the other protocols of quantum information pro-
cessing.
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